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Abstract. If X is a projective, geometrically irreducible variety 
defined over a finite field ¥ q , such that it is smooth and its Chow 
group of 0-cycles fulfills base change, i.e. CH (X x ¥q ¥ q (X)) = 
Q, then the main theorem of |Hj (Corollary 1.2) asserts that its 
number of rational points satisfies A(F g ) = 1 modulo q. If X is 
not smooth, this is no longer true. Indeed J. Kollar constructed 
an example of a rationally connected surface over ¥ q without any 
rational points. We show how Theorem 1.1 of indicates how 
to define a notion of Witt-rational singularities in characteristic 
p > (Definition 12. Then if X/¥ q is a projective, geometrically 
irreducible variety, such that it has Witt-rational singularities and 
its Chow group of 0-cycles fulfills base change, then |X(F 9 )| = 1 
modulo q (Theorem II. 111 . 



1. Introduction 

If X is a projective, geometrically irreducible variety defined over a 
finite field W q , such that it is smooth and its Chow group of 0-cycles ful- 
fills base change, i.e. CHq(X x^ q ¥ q (X)) = Q, then the main theorem 
of 8j (Corollary 1.2) asserts that its number of rational points fulfills 
|X(F g )| = 1 modulo q. Smoothness enters into the proof at two lev- 
els. One uses that the Chow group CH*(X x X) acts on cohomology 
H*(X) via correspondences, where H l (X) denotes either crystalline 
cohomology or £-adic cohomology. Then, one uses purity in order to 
show that on the first coniveau N 1 H*(X) of cohomology, the eigenval- 
ues of the geometric Frobenius are divisible by q as algebraic integers if 
H*(X) is £-adic cohomology, or have slopes < 1 if H*(X) is crystalline 
cohomology. Once this has been established, the argument is simple. 
Bloch's decomposition of the diagonal, which is equivalent to the Chow 
group condition, forces cohomology to have coniveau 1, which in turn 
implies the result using Grothendieck-Lefschetz trace formula. If X is 
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no longer smooth, CH*(X x X) does not act on cohomology, one does 
not have purity, and it may happen that H l (X) = iV^if^X) and yet 
the eigenvalues are not divisible, as demonstrated by the example of a 
rational nodal curve, for which N l H l (X) = H l (X) = Q^(0). Indeed, 
J. Kollar constructed an example of a rationally connected surface over 
¥ q without any rational points (see section l3~3~)) . 

On the other hand, we show in [2J, Theorem 1.1 that if X is proper 
over a perfect field k of characteritic p > 0, then the slope < 1 piece 
of rigid cohomology H l (X/K) <1 is computed by Witt vector cohomol- 
ogy H Z (X, WOx)k, where K = Yin,c(W(k) is the field of fractions of 
the ring of Witt vectors W(k) and % means ®w{k)K. We explain in 
section |2J how this suggests a good definition of rational singularities 
over a perfect field of characteristic p > 0, which we call Witt-rational 
singularities. Indeed, if X is proper over k of characteristic 0, the cor- 
ner piece gi° F H l {X) of its F-filtration on de Rham cohomology receives 
surjectively (9x-cohomology H l (X,Ox) ([Zj, Proposition 1.2). Thus if 
X has rational singularities, that is if 

(1.1) a* : O x ^ Ro^Oy 

for a desingularization o : Y — > X, then a* induces an isomorphism 

(1.2) a*:gr° F H\X)->gr° F H i (Y). 

The analogy between the corner piece gr F H l (X) in de Rham cohomol- 
ogy in characteristic with the slope < 1 piece of rigid cohomology 
over a perfect field of characteristic p > for a proper variety suggests 
that a good definition of rational singularities in characteristic p > 
should imply (JU2J with gr£,iP(X) replaced with H\X/K) <0 . Since 
in general we do not have a desingularization at disposal, it should be 
replaced by an alteration o : Y — > X which is generically etale. Then 

(1.3) a* : H\X/K) <1 -> H\Y/K) <1 should be injective. 

So we define X over a perfect field k of characteristic p > to have 
Witt-rational singularities (see Definition 12. 3)) if for a generically etale 
alteration o : Y — > X, 

(1.4) a* : (WOx)k -> Ro-*(WO y )k splits. 

This definition does not depend on the choice of a. In characteristic 
0, as observed by Kovacs ([E], Theorem 1), using Serre duality and 
Grauert-Riemenschneider vanishing theorem, one can replace the char- 
acterization ()1.1|) by er* : Ox — > R<J*Oy being split for cr : Y — > X an 
alteration. Furthermore, our definition forces (|1.3J) to be fulfilled. 
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Witt-rational singularities are a broader class than the more restric- 
tive class of rational singularities defined by Kempf [13]. Indeed, his 
class is defined only under the condition that the singularity admits 
a resolution, and then the request consists of both and Grauert- 
Riemenschneider vanishing theorem. For those singularities for which 
one knows the existence of a resolution, his definition is more restrictive 
(see the example discussed in section I2~3~j) . 

Our main theorem, proven in section 3, is then 

Theorem 1.1. Let X be a geometrically irreducible projective variety 
defined over the finite field ¥ q . If X has Witt-rational singularities and 
its Chow group of 0-cycles fulfills base change CH Q (X x Fq ¥ q (X)) = Q, 
then |X(F g )| = 1 modulo q. 

Theorem II . II partly answers the questions raised in [Hj, section 3 and 
M- 5.2. 

The method follows the pattern of the proof of Corollary 1.2 in [S]. 
Bloch's decomposition of the diagonal holds true even for singular va- 
rieties. The crucial observation is that even if CH*(X x X) does not 
act on cohomology, the decomposition of the diagonal implies that the 
piece of cohomology of X which survives in the cohomology of an al- 
teration lies indeed in the first coniveau level: 

Proposition 1.2. Let X be a projective variety defined over afield k of 
finite type over¥ p such that CHq(X Xj,k(X)) = Q. Then if a : Y — > X 
is a generically etale alteration, one has 

(1.5) a*H\X) C N l H\Y). 

Here H l (X) denotes either l-adic cohomology H l (X,Qe) or rigid co- 
homology H^X/Fr&ciWik))). 

Acknowledgments: The notion of Witt-rational singularities defined 
in this note relies on [2|. We thank P. Berthelot and S. Bloch for 
the interesting discussions we had on Witt vector cohomology while 
thinking of j^j- We thank N. Fakhruddin and E. Viehweg for discussions 
on rational singularities in characteristic 0. Finally we thank J. Kollar 
for sending us his inspiring example and for discussions. 

2. Rational singularites 

2.1. Characteristic 0. Let X be a variety defined over a field k of 
characteristic 0. Then to say that X has rational singularities is to say 
that if a : Y —>■ X is a desingularization, then 

(2.1) a* : Ox -> Ra*0 Y 
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is an isomorphism. Grauert-Riemenschneider vanishing theorem assert- 
ing that Wo^y = for i > implies that condition (|2.1j) is equivalent 
to saying that 

(2.2) X Cohen — Macaulay and a* : ujx — > er*cuy is an isomorphism. 

Kovacs ^3], Theorem 1, observes then that the birationaliy of a in for- 
mulation (J2.2)) is not important, for example if o : Y — > X was instead 
an alteration, that is proper generically finite with Y smooth, then (J2.2j) 
would be equivalent to the conditions X being Cohen-Macaulay and 
cr* : uj x — > o^ujy being split. So [T3|, Theorem 1, applied to alterations 
says 

Proposition 2.1. Let X be a variety over a field of characteristic 0. 
Then X has rational singularities if and only if for some ( and then 
any) alteration cr : Y — > X , the natural map cr* : Ox — > Ro*Oy splits 
in the bounded derived category of coherent sheaves on X . 

One of the important properties of projective varieties with rational 
singularities is that its O-cohomology computes the corner piece gr^ 
of the F-Hodge filtration on de Rham cohomology: 

Proposition 2.2. Let X be a projective variety with rational singular- 
ities. Then there is a functorial isomorphism H l (X, Ox) — > gr^-fP(X) 
for alii > 0. If a : Y —> X is a desingularization, then a* : gr° F H l (X) — > 
gr^iJ*(F) is an isomorphism and if a : Y — > X is an alteration, then 
a* : gipH l (X) — > gr pH l (Y) is injective. 

Proof. By [7j, Proposition 1.2, there is a functorial surjection H l (X, Ox) 
gTpH t (X). On the other hand, let o : Y — ► X be a desingularization. 
Then one has the commutative diagram 

WiY.Oy) gr° F H l (Y) 

(2.3) 7T* 7T* 

H%X,O x ) gr° F H*(X) 

By the rationality condition, it* on the left is an isomorphism. This 
implies that tt* on the right and the surjection are isomorphisms as 
well. If now a : Y — > X is an alteration, then Proposition 12.11 together 
with the case of a desingularization in Proposition ^. 2l allow to conclude 
that a* : gi F H\X) -> gi F H\Y) is injective. □ 

2.2. Characteristic p > 0. Let X be a variety defined over a perfect 
field k of characteristic p > 0. Then one has at disposal Berthelot's 
rigid cohmology H l (X/ 'K), together with its slope filtration. Here K = 
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Frac(W(k)) is the field of fractions of the ring of Witt vectors W(k) 
of k. The pair (H l (X/K), slope filtration) behaves analogously to the 
pair (de Rham cohomology, F-filtration) in characteristic 0. We denote 
by H l (X/ K) <1 the slope < 1 piece. Thus, a definition of rational 
singularities in characteristic p > should imply injectivity of a* : 
H^X/K)^ H^Y/K)* 1 where a : Y -> X is a generically etale 
alteration, if X is projective. By [5], Theorem 4.1 and Remark 4.2, 
they exists, after a finite separable extension k' D k, a generically etale 
alteration cr : K — > X. Since the slope decomposition is defined over 
k (see 0, Section 5.2), we may replace k by fc' and assume that a is 
defined over k. Moreover, by j2], Theorem 1.1 one has 

(2.4) X proper H\X/K) <1 = W(X, WO x )k = H\X, WO x ,k) 

where the identification of the slope < 1 piece of rigid cohomology with 
Witt vector cohomology is functorial. Here WOx,k = (WOx)®w(k)K . 
This generalizes to the non-smooth case the classical slope theorem of 
Bloch-Illusie (see Introduction of [2] and references there). 

As in j2], section 2, we consider for an alteration a : Y — > X which 
is generically etale the sheaves of abelian groups R l a^WOy,K on X. In 
the bounded derived category of sheaves of abelian groups on X taken 
with the Zariski topology, one has the map 

(2.5) a* : WO x ,k -> Ra*WO Y;K . 

Definition 2.3. Let X be a variety defined over a perfect field k of 
characteristic p > 0. Then X has Witt-rational singularities if there is 
a finite separable extension of k' D and a generically etale alteration 
a : Y — > X over k! for which ()2.5j) splits in the derived category of 
sheaves of abelian groups on X taken with the Zariski topology. 

As it stands, the definition might a priori depend on the choice of 
a. To show independency, one would have to show that (|2.5|) splits 
assuming X smooth and a : Y — > X any generically etale alteration. 
In characteristic 0, to show the corresponding statement with WOx,k 
replaced by Ox, one would use duality and Grauert-Riemenschneider 
vanishing theorem, which is analytic. We do not address this delicate 
point here and instead remark the following. 

Proposition 2.4. Let X be a proper variety defined over a perfect field 
k of characteristic p > 0. Then if X has Witt-rational singularities and 
a :Y -> X is any alteration, then a* : H\X/K) <1 -> H\Y / K)^ is 
injective. 
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Proof. Let cr : Y — > X be an alteration with (|2.5|) splitting for o"n and 
let cr : Y — > X be any alteration. One constructs 



In 



(2.6) 



with r, To alterations. By [5], Theorem 4.1 and Remark 4.2, they exist 
after a finite separable extension k' D k. Since the slope decomposition 
is defined over k (see |SJ, Section 5.2), we may replace by fc' and 
assume r, To are defined over k. On the other hand, by [2], Theorem 
1.1, one has H^X/K)^ = H\X,WO x ,k)- By the Witt-rationality 
assumption, one has o~q : H 1 (X,WO x ,k) — > H 1 (Y ,WO Yo ,k) injective. 
By the classical Bloch-Illusie slope theorem, one has H l (Y , WOy ,k) — 
H^Yq/K)^. By smoothness of Z and Y , r* : H\Y G /K) -> H^Z/K) 
is injective on the whole crystalline cohomology (as one has duality and 
a trace map), a fortiori on the slope < 1 piece. Thus 

(2.7) t* o a* = r* o a* : H^X/K)^ -> H\Z/K) <1 injective. 

As cr* : H % (X/K) — > H l (Y/K) factors through Tq oct*, it is injective as 
well. This shows the proposition. □ 

Remark 2.5. Let X be a variety defined over a perfect field of charac- 
teristic p > 0. Assume X admits a resolution of singularities a : K — ► X 
with the property that the natural map a* : Ox — » -Rcr*Oy be an iso- 
morphism. Then X has Witt-rational singularities. 

Proof. Indeed, one has R l a^Oy = for all i > 1. Consequently, 
RoJNOy = for all i > 1, thus a fortiori Wo*WO y ,k = for all 
% > 1. On the other hand, the extra condition <7*CV = Ox implies 
o~*WOy = WOx- Thus the splitting in Definition 12.31 is in fact an 
isomorphism. □ 

2.3. Example. It is easy to produce examples for which the converse 
of Remark ETol is not true. Indeed, let X C P 3 be one of Shioda surfaces 
over a finite field ¥ p This means that X is smooth, unirational, 

but has large degree. Thus in particular H 2 (X ,Ox () ) ^ 0. Since 
CH {Xx ¥p ¥^(X)) = Q, fZJ, Lemma 2.1 implies that H*(X , WO Xo ,k) = 
for all % > 0. Let X C P 4 be the cone over Xn, and a : Y — > X be the 
blow up of the vertex v. Then one has R 2 o~*Oy -» H 2 (X , Ox ) ^ 0, 
thus the singularity is not rational in the sense of Remark 12.51 a fortiori 
in the sense of Kempf. However the singularity is Witt-rational. In- 
deed, by [21, Theorem 2.4, applied to X = maximal ideal of the vertex 
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and T 



Oy{— Xq), one has R 1 (j*Tk = for i > 1 thus 



(2.8) 



Y,K = 



WO x ,k i = 

H i (X ,WO X0)K ) = i>l 



where for i > 1 it means the skyscraper sheaf with this value supported 
in v, showing that X has Witt-rational singularities. 

3. HOMOLOGICAL CHOW GROUP AND ALTERATIONS 



3.1. Chow groups. As explained in fjj, sections 1 and 4, the right 



motivic condition for X projective over a perfect field k of characteristic 
p > which forces H l (X/ K) Kl = for all i > 1 is as follows. Let 
X C P^ be a projective embedding, a : P — > P^ be an alteration so 
that y := er _1 (X) is a normal crossings divisor. Then the graph of the 
alteration T a e H 2N (F x (P™ \ X), Y x (F N \ X), N) <g> Q should be 
supported along a divisor A C P which is in good position relatively 
to Y. Hypersurfaces of degree < N in P w fulfill this condition (jlj, 
Theorem 1.1) but in general, given X this is difficult to compute as X 
does not have a privileged embedding. 

If we do not give ourselves an embedding but consider conditions 
defined directly on X, then a very strong one is to assume that motivic 
cohomology fulfills H 2n (X, X sing , n) <S> Q = Q. Here one has to pay 
attention. Relative motivic cohomology is defined when X sing C X is a 
normal crossings divisor (see ^H] Chapter 4, 2.2 and p. 209), so is here 
not appropriate. But we could consider geometric conditions which 
would imply this motivic condition if we had resolution of singularities 
in charateristic p > 0. One such geometric condition is to assume 
that X \ X sing is rationally connected in the sense that any two closed 
points can be linked by a connected chain of rational projective curves 
in X \X sing . Indeed, take X C P^ smooth of degree N + l, and define 
X C F N+1 to be the cone over Xo- Then for X large enough, Xq is 
not rationally connected, (X \ X S i ng ) is not rationally connected, yet X 
fulfills the conditon H\X/K) <1 = for all i > 1 (H, Theorem 1.1), 
thus over a finite field ¥ q , one has |X(F g )| = 1 modulo q (which is Ax' 
theorem) . 

The purpose of section 13.21 is to show that the triviality of the ho- 
mological Chow group CH , which is bad to count points as CH does 
not act on cohomology, nevertheless has a nontrivial consequence on 
the part of cohomology surviving in alterations. 



3.2. CH and the image of the cohomology in the cohomology 
of an alteration. We now show Proposition 11.21 fsee Introduction). 
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Proof of Proposition We apply Bloch's decomposition of cycles in 
PI, Appendix to lecture 1. Since it is written for X smooth proper, and 
applied to the diagonal, and we need it for X projective not smooth, 
applied to the graph of the alteration, let us redo the argument. 

First we observe that the kernel of CH (X x k k(Y)) — > CH (X x k K) 
is torsion, for K = k(X). Indeed, if a cycle £ G CH (X x k k(Y)) fulfills 
£ = £)div(/W"), with W curve on X x k K and f w G K(W) X , then 
iW) fw) is defined over a finite extension K of k(Y), of degree d say, 

so dl = J2w diyNm (Ko/k(Y))(fw)- 
Then one has 

(3.1) CH (X x fc k(Y)) = hm CH n (X x V), n = dim(F). 

Indeed, if £ G CH (X x k k(Y)), it is defined over some ^ V C Y and 
similarly if (W, fw) is a relation, it is defined over some open V ^ as 
well. 

We consider the class of Spec(A;(X) x k ( X ) k(Y)) = Spec(fc(F)) in 
CH (X x k k(Y)). In view of (|3.2|) . this is the restriction to X x k k(Y) 
of the class of the graph of the alteration A CT G X xY. The assumption 
CH (X x k K) = Q implies that there is a 0-cycle £ G CH (X) and 
iV G Z \ {0} so that NA a = £ G Cif (^ x fc fc(Y)). Thus we conclude 
by (|3.2|) that there is also a dimension n cycle r C X x k Y, and a 
divisor A dY with 

(3.2) iVA ff = £ x y + r g CH n (x x fc y), r c x x a 

Let X C P n+C =: P be an embedding of X (recall n = dim(X)). By 
[TTj . Chapter 19, one has a homomorphism 

(3.3) Cif n (X x Y) -> ^S C) (P x y)(n + c). 

Since this is an important point in the argument, and the reference 
[TT] is written for Borel-Moore homology over C, let us rewrite the 
argument. Indeed, for an irreducible variety W of dimension n in 
X x y, one has by purity a cycle class in iJ^ n+c ^(P x Y)(n + c), which 

maps to H^y C \F x Y)(n + c). And if / : W P 1 is a rational map, 
yielding 

W — X x y — P x y 

(3.4) f 

then if Wt is a fiber of / over t, of dimension n, one has that its cycle 
class in H 2 £ n x y C) (P x Y ) {n + c) is the image of the class of t G H 2 (W) (1) 
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via 
(3.5) 

H 2 (W)(1) ^ H^ n+C) (F x Y){n + c) -> #S c) (P x + c). 

So the difference of the classes of two fibers maps to 0. Now one has 
an action 

(3.6) H\X) x H% n+c) -\F) ® H l {Y) -> iT(y)(-n - c) 

via the duality on the first component. We apply this to the class 

(3.7) A ff ei?S c) (Pxy)(n + c) = 
£)[A<] G ®iH 2 / +c) ~\F) ® ^(r)(n + c), 

i 

where the decomposition on the second line is the Kiinneth decompo- 
sition. One has 

(3.8) [NA a ] = [£ x X] + [r] 
Now 

(3.9) [f x jf ]< G Im H^ +C) -\F) ® iP(Y)(n + c) 
thus by purity 

(3.10) [f x X]i = for i ^ 0. 
On the other hand 

(3.11) [r\i E lmH 2 / +c) -\¥) ® + c). 
Thus 

(3.12) a* : H\X) -> N 1 H i (Y) Vz > 1. 

This finishes the proof. □ 

We now prove the main theorem of this note (see Theorem II .11 of the 
Introduction). 

Proof of Theorem \l.ll As X has Witt-rational singularities, the map 
a* : H^X/K)^ -> H\Y/K) <1 is injective by Proposition E31 On 
the other hand, the Chow group condition implies by Proposition 11.21 
that a*H\X/K) C N 1 H i (Y/K). But 0, Lemma 2.1 implies that 
N 1 H\Y/K) n H^Y/K)^ = 0. Thus we conclude 

(3.13) H\X/K) <1 = 0. 



10 



MANUEL BLICKLE AND HELENE ESNAULT 



We then apply the Lefschetz trace formula for rigid cohomology (|lUj. 
Theoreme II) 

(3.14) \X(W q ) \ = 1 + ^(-l)Tr F\H\X/K) 

i>0 

where F is the geometric Frobenius of ¥ q . This finishes the proof. □ 

3.3. Kollar's example. J. Kollar constructed an example of a ratio- 
nally connected surface X/¥ q without rational point. Since rational 
connectedness implies CHq(X x ¥ q (X)) = Q , Theorem 11.11 implies 
that the singularities are worse than Witt-rational. Here is the exam- 
ple. Let Y' — C x P 1 , where C is a genus > 2 curve with C(¥ q ) = 0, 
let y — (£ x a) G Y', a : Y —> Y' be the blow up of the closed point 
y (which is not rational), and set r _1 (C) = C + E where E is the 
exceptional locus and C is the proper transform of C x a. Then one 
has 

(3.15) (C) 2 = C 2 - deg(£ x a) = -deg(£ x a), 

which one computes as when the ground field is algebraically closed by 
writing 

(3.16) (C + E)-C = C 2 = 0. 
Thus we conclude that 

(3.17) (C) 2 < 0. 

Thus if k = ¥ q , by Artin theorem (jT], Theorem 2.9), there is a con- 
traction a : Y — > X, where X is a projective surface with a\y\c' = 
isomorphism and cr(C) = x E X. This yields the correspondence 

X 

(3.18) 

y — ^— > y 

If deg a > 1, then X has no rational point and yet X x k K is rationally 
connected for any algebraically closed field K containing k. 

We explain now this example cohomologically. We denote by H(Z) 
rigid cohomology H(Z/K). As r is a blow up on a smooth surface, one 
has 

(3.19) r* : H^Y') H\Y) 
therefore 

(3.20) # x (y) ^ H\C) 
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is injective and not surjective as a is not a rational point. For exam- 
ple, if we request a to be of degree 2, then H x (C')/H l {Y) S H\C). 
Consequently 

(3.21) (if 1 (C7 / )/if 1 (r)) <1 ^0. 
This yields 

(3.22) H l c (Y\C) = H\X) =0 

-> H\C')/H\Y) -> # c 2 (y- \ = #2pq £^ 

and violates Proposition 12.41 Therefore the singularities of X are not 
Witt-rational. 
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